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0�X?9`SGg�g�58zMQ`hc>OTVDGFHAO4�ZGlBDGFjk	7K<�>dh]Q`Ac>d�W>EDGh�>E9=Qa7�5EDjFj>I4jzMgo7Kh�7À4YDjh�hcPR4]Q`�dN]A�fiD:4uT8x�FjFYP^Q;5dPWhcPR4oZj7:<M7K<�hBPRf5EPWlcP^Q�t�LeXR5E{czKAc5¯ts7�hBPRFYzG�R>EpàXW9J7w4]DGhB{O>E�R>EDGhozK5d>E9À9;PRFj�IQa9`XWFHXRNYPR5¿7:<m}j9;9=<MPW9UQa}:gcgc>�4]DGhchcP^4]Q;�IN]AcfiD:Q{cP;C�hc>8zK5dh�>[ZjPR<�>dhc{�DG4YDj5 �;7]Z:lcDjFjk�7�4j7K5I4]Ac5dAc9=go7Kh	f�>dhc{cPRh�4]DGh�hBP^4]Q`�dN]A�f 9a7K�`zMQ�7 �]>Epjfm7:9`XWfmzM4j7MQ�4j7ML�q3 4YDjhc{�>d�W>EDGhBz:5I>E9?Zj7K<\7K5IQ;P^_ahBzG�R>Ep\XW9�7U4]DGhH�~A�h�4Y�R>Ep�QaP^_afiXW9`<?P^QaPW9¿5EPRNHPW<?PRQ;XW9=gePR5d>�9=<K7Mgoz:5Ik]7K>B7:<�>dh]Q`Ac>E�R>InDjh�>E9=Qa7\5EDjFj>I4jzMgo7Khw>E9�X^_aNHXRh6kYPW9;P^4ifm7M_R7:{�hB7M4�Z67\Q^zM_;FHkY7K58z:9=Q�PRh�hBXR5ITVDGFHNG7�PR<MP^4]4YPW5�4YPW<?{j�~xO4�q
3Þµ çBë�æ Y �)Y çBë XO½ZYVº?¸ å NYDGho7MQ=4]DG<?pá4]X^Qw9`<M7Mg�zK5dk]A�hO4 7áfiD]{OAB9	LeDGhBPRhc9�X?9m7|{�P?{OAO4]�R>Ep:QaX^QaPR5[Á�lB7 ΓfiDjhc{B7MQ;DG4�PRFHkwlo7K5dfm7K<M76Z

A
XW9

B
LePW{O>dF�fiDjhc{c7KQ;D:4�Zc7K4Y4]D:_

Γ ` A ⊃ B
XW9

Γ ` A
P?9`PRQ;XWhàTVPRh�hozK5d5

Γ ` B
>d9?Z]Q;DKNGzMgcgoz�lB7

Γ ∪ {A} ` B
Z�7M4]4YD:_

Γ ` A ⊃ B
q

3sfiD]{�Ac9BLeDGhBPRhc9e7:<�>dh]Q`A�>E�W>dDjh�>E9=Qa7�5EDGFH>@4jzMg�7Kh�>d9��84YDG_;58zMQ;587Kh�XR_;NYXRh6kYPW9;9`XWFjbB�O4Y}KNYP^Q`4YPR<WQ;PRQ;XW9`>j9`<M7Mg�zK5dk Y7	4G7:5@46Ac5IAB9~g�7KhÄPR<	7K<uPWFjkHPRQ`5EPRh�>I5dkYPRh�9`<M7Mg�zK5dkjq�3 {�PWAO4Y�W>Ep:Q;XRQ;PW5�X^_aNHXWh6kHP?9`9;XRFYXRlcPW<�7v4Y}KNYP^Q=4]PR<MSv4YX^Q9;XRfmzK_^7�N:7:hÄ9=<?xO4O9`XWFjxchO4�Á
A ⊃ (B ⊃ A)

���M�
X?9

(A ⊃ (B ⊃ C)) ⊃ ((A ⊃ C) ⊃ (B ⊃ C)).
���H�

W¿PR58zMQ��~AO4�Z�lBDGFjkáPRh�h6k]>�NG7K5Ep:g�7KháPW5EXRF�Á¯ÛBÂ ÒÔÌYÐ�Ý]Â]ÏßÝ:EoÏ EcÃ:ÇRÂHÈ ÂsÕÄÊ ��EcÃ��oÊHÈ�Ò?È�Ã�Â:ÅsÒÔÌYÐ�ÒKÍÔÏEÒ?È�Ý����Ø6ÒKÍ[ÝYÒ^Å:Í=Ò:Í=Ö?ÃRÙ�Ã;ÅjÂOÇWÎ]ÏÑÐYÚ�ÂYÝGÝ]ÊHË
(1)
Ö?Ã

(2)
Ì�ÂYËRÂHÈ Í=Î6Ï  :ÂÄÂ �OÒ�� EBÝ�F?ÙÔÆ]Í=Ö:Í=ÒKÏ@Í=Ü

D PRFHk]xO4sTVPR5�A�FHkY7Khc>E9WZelBDGFHkÄt�7:{�DGQ=Q
m
XW9

n
fiDGhB{c7MQaD:4|P?9`PRQ;XWhst

Γ ∪ {m} ` n
q��¯4Y4]D:_v5dXRQ;PW<W>I4fiDjhc{B7MQ;DG4]ho7M4mPRFHkmDG5dk]7Kh

k1

k2qqq
kzNYXRFYPW9�9;D:_a<M7MQ^7]ZO7KfiPR5dkYgePRh

kz = n
Z�X?9�7KfiPR5dk]hcPR4if�>dhc{�PWhmQ^7KFK�`7uN:7:Fjk

t�7 �]>Epjfm7	��PWFjk�7 �]>Epjfm7:9`XWfm7�gePRlBPR5dkHPRQ=Q;P?9=�IQaXW9;P?�^Z]NG7KFHk
t

Γ ∪ {m}
PR5EPWfiPGZ]NG7KFjk

t�7J9;D:_^DG<M7KQ¿4]X^QÀPR5ESj<?SuQa7KFK�`zMgepj5BfiD]{�Ac9¿LeDGhcPWhc9;9=<MPR5o4]}KNHP^Q`4YPW<W>I4�q



� �������	��
�������������������������������������	�� ! "�#��������$%�&��'(��������)����

D P^46>dh]Q;9`xO4ifiDH9~QÀ7K<\>dfiXRh]Q;>o5dPWNHPW<?P^QaXW9=geSG5o4j7MLeD:Q`Q
m ⊃ k1

m ⊃ k2qqq
m ⊃ nfiDjhc{c7KQ;9;D:_^DG<M7KQ;D:QMqW��PRFjfvAOQ^7MQ��=AO4�ZRlcDjFjk�PR<¿7�9;D:_^DG<K7MQBtÀQ;DKNGzMgB>jQ^7KFHDG4�lBDG<W<Kz?NHX^QaPR5EXRNYPR5Kt�5dPWNHPW<?P^QaXW9;9`X7K587M46�IQ`lo7MQ;p�ZHfiXWFjlBDG<W<Kzu7K<UA�Q;DG5E9;pOZ

m ⊃ n
fiDGhB{c7MQ

Γ
n�gepG5�NG7K5Epv5EPRNYPR<?PRQ;X?9`XWNHXGq

��zK_aDjf P?9`PRQ;P^QC4]xc5E}Gh]ge}G<WQ;P^Q;x�h�4�fiPRF�q���7G�¿��7\7K<�P^_^PW{cP^Q;>�5EPRNYPR<?PRQ;X?9~gePRhi9`<?PR_aPRLc5ES
ki

7��6>EpGfm7]Zj7K4Y4]D:_
m ⊃ ki

>E9�5EDGFj>I4j7K>�>IF]7K<?9azKFcÁ�fiD]{OAB9�LeDGhBPRhc9;9`<?PR5�fiPRFj4G7KLclB7KQ;p
ki

XW9
ki ⊃ (m ⊃ ki)

7K587MLc�`z:h���7K<A�Q;p:gcgc>�7K<����?��9;XRfm7	gePWlcPR5dkYP^Q=QaPW9`�IQ;XW9;P?�Rq �Vgo�U��7
ki

7
Γ ∪ {m}

fiDGhB{c7MQ;lB7K5dfm7K<\PR5EPWfiPGZe7M4]4YDG_�4]X^QP?9`PRQU5EPWlcP^Qa9`XWFHP?9WÁ¯�V>8�
k1 ∈ Γ

NG7KFjk �V>d>8�
ki = m

q���>8���À7
ki ∈ Γ

Z 7K4Y4]D:_
Γ ` m ⊃ ki

Á�>IQ=Q�fiPRFH>dh]QPW5dPWFHPWhc{�SÄ7:<Ä���M�u9;XRfmzM_R7wl�>dNG7MQ=4]DG<?h�>[qC��>I>8�J��7
ki = m

Z�7M4]4YDG_
m ⊃ ki = m ⊃ m

Z¯7:<mAOQap:gcgc>7K<MDGh]g�7Kh�tif�>dh]Q�7:<U4Y}G<?>E9=fiPR_`QCt����?��X?9\���H��7:5E7KLc�`zKhw5EPRNHPW<?PRQ`lcPRQ;S�q
ï�ð �BðEñ]ð���öMþ!/Gó��H�
���?��3�<�PR_aP?{�P^Q;>C5EPRNYPR<MP^Q;X?9~gePW5I>

ki

fiDjhc{B7MQ;DGQ�fiDY{�Ac9ULeDjhcPW9;9`<?PR5�7
kh

XW9
kh ⊃ ki

fiDjhc{c7KQ;D:4]gepG54j7MLcQ`AO4�qO��gcg�PWhà7:<�P?9`PRQ=gePRhà7\fmz:9;D]{O>I4�fiDGhc{B7MQ;9;D:_^DG<K7MQ=g�7KhJti7:<
m ⊃ ki

PW5dSGQ=Q�9=<MP^_^P^LePR5dhc>Ix�4J4]PR5d57K<
m ⊃ kh

XW9u7
m ⊃ (kh ⊃ ki)

fiDjhc{B7MQ;DG4]ho7M4�qe��4]4YD:_�7K<?Djh]go7Kh�7á���H��gePRlcPW5dkHP^Q`Q;P?9=�IQ;X?9`PR4YXWh]Q4j7MLeD:Q`Q
(m ⊃ (kh ⊃ ki)) ⊃ ((m ⊃ kh) ⊃ (m ⊃ ki))7��6>EpGfmzKg�pj5e7�fiD]{OAB9¿L�DjhcPWhc9¿4YXRQ;9`<?P^_a> 7K5I4j7K5dfm7K<MzG9;7\XRL�LePRhÄ7K<

m ⊃ ki

fiDGhc{B7MQ;DGQ�7:{j�`7]q
3�< å ½8·M¼Y¸ ë X	�)Y b ¸ å NHDjhB7MQ`4YDG<MpJQ;P^_afiXW9`<?PRQ;P?9�5EPRNYPR<?PRQ;X?9~gePR5d>�9=<K7MgozK5dkYD:4�Á��V>8��lo7 Γ ` A

Zo7M4]4]D:_�twQ;P^Q`n9`<?Sj5dPWFHP?9
B
n[NHPW5�t

Γ ` A ∨ B
XW9

Γ ` B ∨ A
Z�X?9u��>I>8��lB7

Γ ` A ∨ B
Z
Γ ∪ {A} ` C

XW9
Γ ∪ {B} ` C

Z7M4]4]D:_
Γ ` C

q
3�lclcDj<jZClBDGFHk.PW<?PR4 t.5EPRNHPW<?PRQ;P^Q`QmQa}:_aNHXRh6kYP^4]4YXWh]Q�t.7|4j7K5I46A�5dAB9`Djh 7K587MLcAc5dps5EPWNHPR<MP^QaXW9m9`<?PR_;>dh]Qm>E9XR_;NYXRh6kHP?9`PR4i5EPRFjkYPRhBP^4�Z6PR5EPRFYPRhc{cSOZYlB7�_a}jFj<?�@Q��~xO4w7:<\7:5EzKg�gc>e7��6>EpGfm7G9`XWfmzM4j7MQ?Á

A ⊃ (A ∨ B),
���Y�

A ⊃ (B ∨ A),
���]�

X?9
(A ⊃ C) ⊃ ((B ⊃ C) ⊃ ((A ∨ B) ⊃ C)).

���H�
ï�ð �BðJ��ð � ùaüaù3��;�� 
@ù�ó

∨
øZ�Ôüaó!�+�!
�/Kö��?ó!��ó
	�U���T	������%30 ��� %��Có�õjù^õHý)�+�3��?��-%3�~ù3
oó�
@óWÿ����!�]6

3 µ çBë ^�� ë µ ��Y b QaP^_afiXW9`<?P^QaPW9�9`<M7Mg�zK5dkY7K>[ÁB�V>8��lB7 Γ ` A
XW9

Γ ` B
Z�7M4]4YDG_

Γ ` A & B
Z]NG7K587Kf�>dh]QU�V>d>8�

Γ ∪ {A & B} ` A
X?9

Γ ∪ {A & B} ` B
q

3�lclcDj<jZBlcDGFHk�PW<?PR4àt�A�FHkY7KhB�W9a7M4wf�>dh]Q�5dPWNHPW<?P^QaP^Q`Q�9;XRfmzM4�ty7	4G7:5@46Ac5IAB9`9a7K5�X^_;Q;PR5dfiPW<?P^Q`Q
`
_aPW5EzG�R>Ep9`<?PR_;>dh]Q�X^_aNHXRh6kYgePRh�fm7M_R7:{G�;7KhB7M4�ZYPR5EPRFYPRhc{cSJ7u4Y}KNYP^Q`4YPR<MSulozM_^DGf/7��6>EpGfm7G9`XWfm7]Á

A ⊃ (B ⊃ (A & B)),
���j�
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	 �������4��
��4
�� �

(A & B) ⊃ A
���G�

X?9
(A & B) ⊃ B.

���H�
ï�ð �BðD��ð � ùaüaù���;)�J
ßù�ó?ü

&
ø��Ôü^ó��+��
�/:ö��Mó���ó 	�����T	�� ���%�0 �!�J%3�¿ó�õHù^õjý��+� �$?!�-%3�~ù�
oó!
IóRÿH� ���]6

3 ë ¼]»RX	��Y b tmf�>dh]Q�fmzK_�PRf�5d�IQ;PRQ=Q`x�4itwXR_`QaPR5dfiPR<?lcP^QaS ⊥ 7K587MLB�`zKh�>E9WÁ ¬A
P^4]4]D:_�LeP^_�{�P;Cch�>IQ`>EDGhBPRf7:<

A ⊃ ⊥
fiDGhB{c7MQMqH3.4]DGhc{�>E�R>EDGhozK5d>d9=_R7�NHDjhB7MQ`4YDG<Mp\9=<K7Mgoz:5Ik]7K>dhO4	9=<MP^_a>Ih]Q��dFHkvlo7

Γ ` A
XW9

Γ ` ¬A
Z7K4Y4]D:_

Γ ` ⊥
ZW>d5d5dPRQ`NYP�lB7

Γ∪{A} ` ⊥
ZK7M4]4]D:_

Γ ` ¬A
qM�¯4Y4]D:_¯PR5EPRFYPRhc{cSOZ^lo7�7¿T�7:5d9`A�f	_R7CNHDGho7MQ=4]DG<MpH7KhPWFjk�PRFjk69`<?PR_;bà9`XWfmzMQ�_a}jFj<?�@Q;x�h�4oÁ

⊥ ⊃ A,
�[���

7uT�7K5E9`A�fJgepG5cQ;PRlozMQ�gozK_;f�>B4Y}KNYP^Q`4YPR<?>I4oqO3 9;XRfm7�Q;PR_;fiX?9=<MP^Q;P?9�5dPWNHPW<?P^QaXW9=gePR5d>�fiPRFjTVPR5EPR5ESG�`P�7
⊥

A9`<M7KgozK5dkjqO��7v7�T�7K5E9=AcfiD:Q�XW9�7\hBPRF]z:�R>Ep:Q�PRFHkY7M_RzKh]QClo7:9`<WhBz:5 �=AO4y�Vfm7KF]7J��PWh]Q`<?PWhw>E9��dFjk	QaPW9`<M�RZc7M4]4YDG_TVPW5dNHPRlBP^Q��~xO4�7:<
A, ¬A

⊥9`<M7KgozK5dkYQ�>d9?Z�7KfiPW5Ik]hBP^4m9;XRfm7Mn[fiPRFjTVPR5EPR5ESG�`PGÁ
(A & ¬A) ⊃ ⊥.

�À7i7vT�7K5E9`A�f hcPRf�5EDGFH>I4G7:>�4YDjhc9=Qa7KhB9WZc7K4Y4]D:_v�[����lBPR5dkHPRQ=Q�7v4]}KNHPRQ=4YPW<?Sv4]X^Q�9;XRfm7JgB>d<RQ;DH9=�IQ��`7]ZOlBDGFjk7JhBPRFYzG�R>Ep�fiPWFGTVPR5EPW5dS]PWhmN]>E9`PW5@4]PW{j�=PRh�Á
(A ⊃ B) ⊃ ((A ⊃ ¬B) ⊃ ¬A)

�	�j�
X?9

¬A ⊃ (A ⊃ B).
����
j�

�UÅ����M�[na���
H�ÀØ]Â:ÌYÐ�Â:Å����?�[tB���H�^Z��[����ÃKÖ?Õ�ÎYÝmÂ:ÅuÙVÈ Í)EBÙ F?Ù~ÊHÈ�ÙVÃMÍ=ÂmÏEÊ^ÌYÙ�ÝYÂ���ËRÒ~Ì�Ò����\Ù[ÏdÇRÒMËKÍ �=Ã?Í���Ï EcÃ��ÄÝYÂ]Ï �Ý:EoÏ EcÃ:ÎHÈ�ÂYÝUÃKÖ?Õ�ÎHÙ~Ü��vÂiÒ^ÅHÒMÝGÛBÒ^Å�ÂuÃ:Ö?ÕÄÎ]ÝGÛBÊ:ÅUÛoÊ:ÅRÅjÎHØ6Ò?ÃRÃ;Å��oÝvÂJÝ:ÙEÅjÎHË:Í ÛoÂHË?Õ�Â	�HÙ�ÝuÖ?Ë?Ø6Ö?È�ÐOÒMÃRÃKÖÔÌ�Ö:ÍÇMÙdÅ:Í=ÊHÃ���Í=Æ
A ∨ ¬A,Ã:Ö?ÕÄÎ6Í�Ú�Ø]Â:ÌYÐáÂÄÝYÒKÍÔÍ=ÓHÃ	Í=Â:Ì�Â	�OÎYÃ
¬¬A ⊃ AÃ:Ö?ÕÄÎ  KÎ]Í�Ú�ÂYÝGÝ]ÊHËwÂyÝjÏEÂHÃRÃaÅMÙ�Ý+EBÃ �eËWÊ �oÊ:ÅMÙ�F?ÙÔÊYÈ�Î]ÏÑÙ�ÃvÏEÊ^ÌYÙ�ÝYÎ]Í�ÝYÂ �� /EoÝYÜ

3�<J>dh]Q`Ac>E�R>EDGhc>d9=Qa7�5EDGFj>I4jzMQ�QaPRlozMQ�NG7K5Ep:g�7Khà46>d<MzM_^pG587KFm7K<J>dh]Q`A�>E�W>dDjh�>E9=QazM4wzK5IQ^7K5�5EPWFj>dhO4jzMgcgy4]>ITVDjFYz:9;DG5IQQa}:_aNHXWh6kjZH7�46>d<MzM_;Q�lB7K_;fm7:{�>I4uX^_aNHXRh6kYQaPR5EPRhB9`XWFHP¿46x�5E}Gh]ge}G<WQ;PRQ`>6fiPRFu7�46587:9;9=<?>I4]AB9¯5EDGFj>I4jzMQapG5[q�F 0�X?9`SGg�g58zMQ;h�>6TVDjFK�~AO4�ZGlBDGFjku5dXRQ;PW<WhcPR4\í[4Y}G<WgePRhc9;SKî�5dDjFj>I4jzM4u>E9?ÁGDG5dkY7KhBD:4�Zj7KfiPW5IkYP^4v7:<�>dh]Q;A�>E�R>EDGhc>E9~Q^7�5EDGFj>I4jzKhozK5í[Q;}Gg�geP^Q�Q;Ac{Oho7M4YîaZO{cP\7\46587:9;9=<?>@46AB9¿5EDjFj>I4jzKhBzK5c4YPWNHP?9`PRg�geP^QMq I
3�{cpj9a7M4mNG7KFjk]AchO4mfiXWF�7�� Y8µ çBë�æ Y ��Y çBë XO½�Y�º�XR_`QaPR5dfiPR<MXW9;XRNYPR5[qY3 fiPWFj5EP^LeP^QaXW9�PR<?�OQ`Qa7K5 PW5dfm7M_^7G{eÁ

A ≡ B ⇔ 
��� (A ⊃ B) & (B ⊃ A)



� �������	��
�������������������������������������	�� ! "�#��������$%�&��'(��������)����

3�<u7:5EzKg�gc>�9;XRfmzM4à7K<U>Ih]Q;A�>E�R>EDjh�>E9~Q^7�5EDGFj>I4jzMg�7Khi>E9�Q;}G_;NYXRh6kHPR_aP=�~bcPR4�Á
A ⊃ ¬¬A

¬A ≡ ¬¬¬A

¬(A & ¬A)

¬¬(A ∨ ¬A)

¬(A ∨ B) ≡ (¬A & ¬B)

(A ⊃ B) ⊃ ¬(A & ¬B)

(A ⊃ ¬B) ≡ ¬(A & B)

(¬¬A ⊃ B) ⊃ (¬B ⊃ ¬A)

ï�ð �Bð �Bð ��õ���ý�� 0Uùaþ 
ßùaþMó�
$�!���vûH�Rô~ö�0 �~ù;ô-02%3�Ôüaù3�~ù��7T �KóWþ�/Jó �A�Rô~þ�/Gó!
��7�?ó�
��Gý�
ßý����Ôüaù`ô-�$���-�+T 
@ù �:ùaüaù3�-%3�%3� 6
��7whBPRf*9=>I4YPR_;xc5[Z�hcPv4YP?{ONYP^Q`5EPWhc{G�=x�hO4�PW5[ZelB7Kfm7K_aDH9;7KháNG7K587Kf�>dNHPR5�PWFjk69`<?P^_abOgcgePRh Ze9`<?PWfm7Kh]Q`>I4j7K>d587KF>E9\>dFY7:<?DG5dlo7MQ��~A�4�ZBlBDGFHk|7à9;XRfmzM4�7K<i>dh]Q`Ac>d�W>EDGh�>E9=Qa7	5EDjFj>I4jzMgo7Kh�XR_;NYXRh6kHP?9`PR4yt|PWl�lcPW<víÔ�?9=A�LozKhOîvPRFHkTVDG_;fmzK5d>E9C9`<?PWfm7Kh]Q`>I4jzM_R7J�V>d5d5dPRQ`NYPÀ9`<?PRfm7:h]Q`>I4j7K>�4]}KNHPRQ=4YPW<WfiXWh6kH_^PR58z:�W>Ep:_R7G��5dP?9=<�9=<?xO4O9;XRFjxchO4�ZGQaDKNGzMg�g�zgePà4]PR5d5ÀgB>d<?DGh6k]�IQa7:h6A�hO4�Z�lcDjFjk.P^_;_aPàhBXR<WNYP�7á4j7K5I46A�5dAc9`A�h�4�Q;PW5 �`PW9?q��¯<á5dP?9=<�7s4Y}KNHPRQ=4]PR<?S|TVP=�=PR<MP^QQaXRfmzK�`76q


